Many of the current anomalies reported in the Wilkinson Microwave Anisotropy Probe (WMAP) 1-year data disappear after 'correcting' for the best-fit embedded Bianchi type VII h component (Jaffe et al. 2005) , albeit assuming no dark energy component. We investigate the effect of this Bianchi correction on the detections of non-Gaussianity in the WMAP data that we previously made using directional spherical wavelets (McEwen et al. 2005a ). As previously discovered by Jaffe et al. (2005), the deviations from Gaussianity in the kurtosis of spherical Mexican hat wavelet coefficients are eliminated once the data is corrected for the Bianchi component. This is due to the reduction of the cold spot at Galactic coordinates (l, b) = (209 • , −57 • ), which Cruz et al. (2005) claim to be the source of non-Gaussianity introduced in the kurtosis. Our previous detections of non-Gaussianity observed in the skewness of spherical wavelet coefficients are not reduced by the Bianchi correction. Indeed, the most significant detection of non-Gaussianity made with the spherical real Morlet wavelet at a significant level of 98.4% remains (using a very conservative method to estimate the significance). We make our code to simulate Bianchi induced temperature fluctuations publicly available.
INTRODUCTION
Recent measurements of the cosmic microwave background (CMB) anisotropies made by the Wilkinson Microwave Anisotropy Probe (WMAP) provide full-sky data of unprecedented precision on which to test the standard cosmological model. One of the most important and topical assumptions of the standard model currently under examination is that of the statistics of the primordial fluctuations that give rise to the anisotropies of the CMB. Recently, the assumption of Gaussianity has been questioned with many works highlighting deviations from Gaussianity in the WMAP 1year data.
A wide range of Gaussianity analyses have been performed on the WMAP 1-year data, calculating measures such as the bispectrum and Minkowski functionals (Komatsu et al. 2003; Magueijo & Medeiros 2004; Land & Magueijo 2005a) , the genus (Colley & Gott 2003; Eriksen et al. 2004) , correlation functions (Gaztanaga & Wagg 2003; Eriksen et al. 2005; Tojeiro et al. 2005 (Chiang et al. 2003; Coles et al. 2004; Dineen et al. 2005) , local curvature (Hansen et al. 2004; Cabella et al. 2005) , the higher criticism statistic , hot and cold spot statistics (Larson & Wandelt 2004 , 2005 Cruz et al. 2005) and wavelet coefficient statistics (Vielva et al. 2003; Mukherjee & Wang 2004; McEwen et al. 2005a) . Some statistics show consistency with Gaussianity, whereas others provide some evidence for a non-Gaussian signal and/or an asymmetry between the northern and southern Galactic hemispheres. Although these detections may simply highlight unremoved foreground contamination or other systematics in the WMAP data, it is important to also consider non-standard cosmological models that could give rise to non-Gaussianity.
One such alternative is that the universe has a small universal shear and rotation -these are the so-called Bianchi models. Relaxing the assumption of isotropy about each point yields more complicated solutions to Einstein's field equations that contain the Friedmann-Robertson-Walker metric as a special case. Barrow et al. (1985) derive the induced CMB temperature fluctuations that result in the Bianchi models, however they do not include any dark energy component as it was not considered plausible at the time. There is thus a need for new derivations of solutions to the Bianchi models in a more modern setting. Nevertheless, the induced CMB temperature fluctuations derived by Barrow et al. (1985) provide a good phenomenological setting in which to examine and raise the awareness of more exotic cosmological models.
Bianchi type VII h models have previously been compared both to the Cosmic Background Explorer-Differential Microwave Radiometer (COBE-DMR) (Kogut et al. 1997 ) and WMAP (Jaffe et al. 2005 ; henceforth referred to as J05) data to place limits on the global rotation and shear of the universe. Moreover, J05 find a statistically significant correlation between one of the Bianchi VII h models and the WMAP internal linear combination (ILC) map. They then 'correct' the ILC map using the best-fit Bianchi template and, remarkably, find that many of the reported anomalies in the WMAP data disappear. More recently Land & Magueijo (2005f) perform a modified template fitting technique and, although they do not report a statistically significant template fit, their corrected WMAP data is also free of large scale anomalies.
In this paper we are interested to determine if our previous detections of non-Gaussianity made using directional spherical wavelets (McEwen et al. 2005a ) are also eliminated when the WMAP data is corrected for the best-fit Bianchi VII h template determined by J05. In section 2 the best-fit Bianchi template embedded in the WMAP data is described and used to correct the data, before a brief review of the analysis procedure is given. Results are presented and discussed in section 3. Concluding remarks are made in section 4.
NON-GAUSSIANITY ANALYSIS
We recently made significant detections of non-Gaussianity using directional spherical wavelets (McEwen et al. 2005a) , and so are interested to see if these detections disappear when the data are corrected for an embedded Bianchi component. The best-fit Bianchi template and the correction of the data is described in this section, before we review the analysis procedure. We essentially repeat the analysis performed by McEwen et al. (2005a) for the Bianchi corrected maps, hence we do not describe the analysis procedure in any detail here but give only a very brief overview.
Bianchi VII h template
We have implemented simulations to compute the Bianchi-induced temperature fluctuations, concentrating on the Bianchi type VII h models, which include the types I, V and VII o as special cases (Barrow et al. 1985) . 1 Note that the Bianchi type VII h models apply to open or flat universes only. In appendix A we describe the equations implemented in our simulation; in particular, we give the analytic forms for directly computing Bianchi-induced temperature fluctuations in both real and harmonic space in sufficient detail to reproduce our simulated maps. The angular power spectrum of a typical Bianchi-induced temperature fluctuation map is illustrated in Fig. 1 (note that the Bianchi maps are deterministic and anisotropic, hence they are not fully described by their power spectrum). An example of the swirl pattern typical of Bianchi-induced temperature fluctuations may be seen in Fig. 2 (a) (this is in fact the map that has the power spectrum shown in Fig. 1 ). Notice that the Bianchi maps have a particularly low band-limit, both globally and azimuthally 1 Our code to produce simulations of Bianchi type VII-induced temperature fluctuations may be found at: http://www.mrao.cam.ac.uk/ jdm57/ The particular spectrum shown is for the best-fit Bianchi template matched to the WMAP data. Notice that the majority of the power is contained in multipoles below ℓ ∼ 20.
(i.e. in both ℓ and m in spherical harmonic space; indeed, only those harmonic coefficients with m = ±1 are non-zero). The best-fit Bianchi template that we use to correct the WMAP data is simulated with the parameters determined by J05 using the latest shear and vorticity estimates (J05; private communication). This map is illustrated in Fig. 2 (d) . In our previous non-Gaussianity analysis (McEwen et al. 2005a) we considered the coadded WMAP map (Komatsu et al. 2003) . However, the template fitting technique performed by J05 is only straightforward when considering full-sky coverage. The Bianchi template is therefore matched to the full-sky ILC map since the co-added WMAP map requires a galactic cut. Nevertheless, we consider both the ILC and co-added WMAP map hereafter, using the Bianchi template matched to the ILC map to correct both maps. The Bianchi template and the original and corrected WMAP maps that we consider are illustrated in Fig. 2 .
Procedure
Wavelet analysis is an ideal tool for searching for non-Gaussianity since it allows one to resolve signal components in both scale and space. The wavelet transform is a linear operation, hence the wavelet coefficients of a Gaussian map will also follow a Gaussian distribution. One may therefore probe a signal for non-Gaussianity simply by looking for deviations from Gaussianity in the distribution of the wavelet coefficients.
We apply our fast continuous spherical wavelet transform (CSWT) (McEwen et al. 2005b) , which is based on the fast spherical convolution devised by Wandelt & Górski (2001) , to perform a wavelet analysis of full-sky CMB maps. In particular, we use the symmetric and elliptical Mexican hat and real Morlet spherical wavelets at the scales defined in Table 1 . The elliptical Mexican hat and real Morlet spherical wavelets are directional and so allow one to probe oriented structure in the data. For the directional wavelets we consider five evenly spaced azimuthal orientations between [0, π). We look for deviations from zero in the skewness and excess kurtosis of spherical wavelet coefficients to signal the presence of non-Gaussianity. To provide confidence bounds on any detections made, 1000 Monte Carlo simulations are performed on Gaussian CMB realisations produced from the theoret- ical power spectrum fitted by the WMAP team. 2 The ILC map, the foreground corrected WMAP maps required to create the coadded map, the masks and power spectrum may all be downloaded from the Legacy Archive for Microwave Background Data Analysis (LAMBDA) website 3 .
RESULTS AND DISCUSSION
We examine the skewness and excess kurtosis of spherical wavelet coefficients of the original and Bianchi corrected WMAP data to search for deviations from Gaussianity. Raw statistics with corresponding confidence regions are presented and discussed first, before we consider the statistical significance of detections of non-Gaussianity in more detail. Localised regions that are the most likely sources of non-Gaussianity are then examined.
Wavelet coefficient statistics
For a given wavelet, the skewness and kurtosis of wavelet coefficients is calculated for each scale and orientation, for each of the data maps considered. These statistics are displayed in Fig. 3 , with confidence intervals constructed from the Monte Carlo simulations also shown. For directional wavelets, only the orientations corresponding to the maximum deviations from Gaussianity are shown. 2 We use the theoretical power spectrum of the Lambda Cold Dark Matter (ΛCDM) model which best fits the WMAP, Cosmic Background Imager (CBI) and Arcminute Cosmology Bolometer Array Receiver (ACBAR) CMB data. 3 http://cmbdata.gsfc.nasa.gov/ The significant deviation from Gaussianity previously observed by Vielva et al. (2003) , Mukherjee & Wang (2004) and McEwen et al. (2005a) in the kurtosis of the Mexican hat wavelet coefficients is reduced when the data are corrected for the Bianchi template, confirming the results of J05. Interestingly, however, it appears that the skewness detections that we previously made are not mitigated when making the Bianchi correction -the highly significant detection of non-Gaussianity previously made with the real Morlet wavelet remains.
It is also interesting to note that the co-added WMAP and ILC maps both exhibit similar statistics, suggesting it is appropriate to use the Bianchi template fitted to the ILC map to correct the coadded WMAP map.
Statistical significance of detections
We examine the statistical significance of deviations from Gaussianity in more detail. Our first approach is to examine the distribution of the statistics that show the most significant deviation from Gaussianity in the uncorrected maps, in order to associate significance levels with the detections. Our second approach is to perform χ 2 tests on the statistics computed with each type of spherical wavelet. This approach considers all statistics in aggregate, and infers a significance level for deviations from Gaussianity in the entire set of test statistics.
Histograms constructed from the Monte Carlo simulations for those test statistics corresponding to the most significant deviations from Gaussianity are shown in Fig. 4 . The measured statistic of each map considered is also shown on the plots, with the number of standard deviations these observations deviate from the mean. Notice that the deviation from the mean of the kurtosis statistics is Table 1 . Wavelet scales considered in the non-Gaussianity analysis. The overall size on the sky ξ 1 for a given scale are the same for both the Mexican hat and real Morlet wavelets. The size on the sky of the internal structure of the real Morlet wavelet ξ 2 is also quoted.
Scale 1 2 3 4 5 6 7 8 9 10 11 12 considerably reduced in the Bianchi corrected maps, whereas the deviation for the skewness statistics is not significantly affected.
Next we construct significance measures for each of the most significant detections of non-Gaussianity. For each wavelet, we determine the probability that any single statistic (either skewness or kurtosis) in the Monte Carlo simulations deviates by an equivalent or greater amount than the test statistic under examination. If any skewness or kurtosis statistic 4 calculated from the simulated Gaussian map -on any scale or orientation -deviates more than the maximum deviation observed in the data map for that wavelet, then the map is flagged as exhibiting a more significant deviation. This is an extremely conservative means of constructing significance levels for the observed test statistics. Significance levels corresponding to the detections considered in Fig. 4 are calculated and displayed in Table 2 . For clarity, we show only those values from the co-added WMAP map, although the ILC map exhibits similar results. These results confirm our inferences from direct observation of the statistics relative to the confidence levels and histograms shown in Fig. 3 and Fig. 4 respectively: the kurtosis detections of non-Gaussianity are eliminated, while the skewness detections remain. The significance of all kurtosis detections drop below 40% in the Bianchi corrected data. The skewness detections remain essentially unaltered, actually increasing by a very small amount in each case.
Finally, we perform χ 2 tests to probe the significance of deviations from Gaussianity in the aggregate set of test statistics. The results of these tests are summarised in Fig. 5 . The overall signifi- Observed statistics corresponding to the following maps are also plotted: WMAP combined map (solid, blue, square); ILC map (solid, green, circle); Bianchi corrected WMAP combined map (dashed, blue, triangle); Bianchi corrected ILC map (dashed, green, diamond). The number of standard deviations these observations deviate from the mean is also displayed on each plot. Only those scales and orientations corresponding to the most significant deviations from Gaussianity are shown for each wavelet.
cance of the detection of non-Gaussianity is reduced for the Mexican hat wavelets, although this reduction is not as marked as that illustrated in Table 2 since both skewness and kurtosis statistics are considered when computing the χ 2 , and it is only the kurtosis detection that is eliminated. For example, when an equivalent χ 2 test is performed using only the kurtosis statistics the significance of the detection made with the symmetric Mexican hat wavelet drops from 99.9% to 95% (note that this is still considerably higher than the level found with the previous test, illustrating just how conservative the previous method is). The significance of the detection made with the real Morlet wavelet is not affected by correcting for the Bianchi template. This is expected since the detection was made only in the skewness of the real Morlet wavelet coefficients and not the kurtosis.
We quote the overall significance of our detections of non-Gaussianity at the level calculated by the first approach, since this is the more conservative of the two tests.
Localised deviations from Gaussianity
The spatial localisation inherent in the wavelet analysis allows one to localise most likely sources of non-Gaussianity on the sky. We examine spherical wavelet coefficients maps thresholded so that those coefficients below 3σ (in absolute value) are set to zero. The remaining coefficients show likely regions that contribute to deviations from Gaussianity in the map.
The localised regions of the skewness-flagged maps for each wavelet are almost identical for all of the original and Bianchi corrected co-added WMAP and ILC maps. This is expected as it has been shown that the Bianchi correction does not remove the skewness detection. All of these thresholded coefficient maps are almost identical to those shown in Fig. 9 (a,c,d 
Gaussian plus Bianchi simulated CMB map
It addition to testing the WMAP data and Bianchi corrected versions of the data, we also consider a simulated map comprised of Gaussian CMB fluctuations plus an embedded Bianchi component. We use the same strategy to simulate the Gaussian component of the map that is used to create the Gaussian CMB realisations used in the Monte Carlo analysis, and add to it a scaled version of the Bianchi template that was fitted to the WMAP data. The motivation is to see whether any localised regions in the map that contribute most strongly to non-Gaussianity coincide with any structure of the Bianchi template.
Non-Gaussianity is detected at approximately the 3σ level in the kurtosis of the symmetric and elliptical Mexican hat wavelet coefficients once the amplitude of the added Bianchi template is increased to approximately σ H 0 ∼ 15 × 10 −10 (approximately four times the level of the Bianchi template fitted by J05), corresponding to a vorticity of ω H 0 ∼ 39 × 10 −10 . No detections are made in any skewness statistics or with the real Morlet wavelet. The localised regions of the wavelet coefficient maps for which non-Gaussianity detections are made are shown in Fig. 7 . The Mexican hat wavelets extract the intense regions near the centre of the Bianchi spiral, with the symmetric Mexican hat wavelet extracting the symmetric structure and the elliptical Mexican hat wavelet extracting the oriented structure. This experiment highlights the sensitivity to any Bianchi component of the Mexican hat kurtosis statistics, and also the insensitivity of the Mexican hat skewness statistics and real Morlet wavelet statistics. The high amplitude of the Bianchi component required to make a detection of non-Gaussianity indicates that an additional source of non-Gaussianity may be present in the WMAP data, such as the cold spot at (l, b) = (209 • , −57 • ), and the Bianchi correction may act just to reduce this component.
CONCLUSIONS
We have investigated the effect of correcting the WMAP data for a Bianchi type VII h template on our previous detections of non-Gaussianity made with directional spherical wavelets (McEwen et al. 2005a ). The best-fit Bianchi template was simulated with the parameters determined by J05 using the latest shear and vorticity estimates (J05; private communication). We subsequently used this best-fit Bianchi template to 'correct' the WMAP data, and then repeated our wavelet analysis to probe for deviations from Gaussianity in the corrected data.
The deviations from Gaussianity observed in the kurtosis of spherical wavelet coefficients disappears after correcting for the Bianchi component, whereas the deviations from Gaussianity observed in skewness statistics are not affected. The significance of the kurtosis detections made with the symmetric and elliptical Mexican hat wavelets drop from 96% and 80% to 40% and 11% respectively, whereas the significance of the skewness detections remain unchanged at approximately 97%. The highly significant detection of non-Gaussianity previously made in the skewness of real Morlet wavelet coefficients also remains unchanged at 98%. Note that these significance measure are made using the extremely conservative method outlined in section 3.2. The χ 2 tests also performed indicate that the Bianchi corrected data still deviates from Gaussianity when all test statistics are considered in aggregate. Since only the skewness-flagged detections of non-Gaussianity made with the Mexican hat wavelet remain, but the kurtosis ones are removed, the overall significance of Mexican hat wavelet χ 2 tests are reduced. There was no original detection of kurtosis in the real Morlet wavelet coefficients, thus the significance of the χ 2 remains unchanged for this wavelet. Finally, note that one would expect the skewness statistics to remain unaffected by a Bianchi component Figure 5 . Histograms of normalised χ 2 test statistics obtained from 1000 Monte Carlo simulations. Normalised χ 2 values corresponding to the following maps are also plotted: WMAP combined map (solid, blue, square); ILC map (solid, green, circle); Bianchi corrected WMAP combined map (dashed, blue, triangle); Bianchi corrected ILC map (dashed, green, diamond) . The significance level of each detection made using χ 2 values is also quoted (δ). Table 2 . Deviation and significance levels of spherical wavelet coefficient statistics calculated from the WMAP and Bianchi corrected WMAP maps (similar results are obtained using the ILC map). Standard deviations and significant levels are calculated from 1000 Monte Carlo simulations. The table variables are defined as follows: the number of standard deviations the observation deviates from the mean is given by N σ ; the number of simulated Gaussian maps that exhibit an equivalent or greater deviation in any test statistics calculated using the given wavelet is given by N dev ; the corresponding significance level of the non-Gaussianity detection is given by δ. Only those scales and orientations corresponding to the most significant deviations from Gaussianity are listed for each wavelet. Regions that contribute most strongly to the non-Gaussianity detections have been localised. The skewness-flagged regions of the Bianchi corrected data do not differ significantly from those regions previously found in McEwen et al. (2005a) . One would expect this result: if these regions are indeed the source of non-Gaussianity, and the non-Gaussianity is not removed, then when most likely contributions to non-Gaussianity are again localised the regions should remain. The kurtosis-flagged regions localised with the Mexican hat wavelets are not markedly altered by correcting for the Bianchi template, however the size and magnitude of the cold spot at Galactic coordinates (l, b) = (209 • , −57 • ) is significantly reduced. Cruz et al. (2005) claim that it is solely this cold spot that is responsible for the kurtosis detections of non-Gaussianity made with Mexican hat wavelets, thus the reduction of this cold spot when correcting for the Bianchi template may explain the elimination of kurtosis in the Bianchi corrected maps.
After correcting the WMAP data for the best-fit Bianchi VII h template, the data still exhibits significant deviations from Gaussianity, as highlighted by the skewness of spherical wavelet coefficients. It is important to ascertain whether deviations from Gaussianity are due to unremoved foregrounds or systematics in the data, or whether indeed some of the assumptions of the standard cosmological model require revision. Bianchi models that exhibit a small universal shear and rotation are an important, alternative cosmology that warrant investigation, and, as we have seen, can account for some detections of non-Gaussianity. The current analysis, however, is only phenomenological, since revisions are required to update the Bianchi-induced temperature fluctuations calculated by Barrow et al. (1985) for a more modern setting. Nevertheless, such an analysis constitutes the necessary first steps towards examining and raising the awareness of anisotropic cosmological models.
A2 Harmonic space representation
We derive the analytic form of the spherical harmonic coefficients of the Bianchi-induced temperature fluctuations in this section. Due to the low frequency structure of the Bianchi temperature fluctuations, both globally and azimuthally, the band-limit of harmonic coefficients is low in both ℓ and m. Thus, computing simulated temperature fluctuations may be performed efficiently and, as we explain, more accurately in harmonic space.
We decompose the Bianchi-induced temperature fluctuations into a sum of spherical harmonics
where the harmonic coefficients are given by the usual projection on to each spherical harmonic basis function
and dΩ = sin θ dθ dφ is the usual rotation invariant measure on the two-sphere S 2 . In practice the outer summation of (A13) is truncated to ℓ max terms. We adopt the Condon-Shortley phase convention, where the normalised spherical harmonic are defined by
where P m ℓ (x) are the associated Legendre functions. If we adopt the photon, rather than observing angles for the temperature fluctuations we simply introduce a factor of (−1) ℓ+m : a ℓm = S 2 ∆T T 0 (θ 0 , φ 0 ) Y * ℓm (θ ob , φ ob ) dΩ ob = (−1) ℓ+m a ℓm .
Substituting the expression for the temperature fluctuations given by (A3) into (A14) yields
where δ i, j is the Kronecker delta,
and
In the derivation of (A17) we have made use of the following relations:
2π 0 e −imφ sin φ dφ = −imπ δ m,±1 , 
Notice that the minimal azimuthal structure of the induced temperature fluctuations ensures that the harmonic coefficients are non-zero only for m = ±1. For completeness, we also state the analytic form for the power spectrum of the Bianchi-induced fluctuations:
The swirl pattern of the induced temperature fluctuations is again centred on the south pole in the expression given by (A17). We may perform the required rotation directly in harmonic space, noting that the spherical harmonics of a rotated function are related to the harmonics of the original function by (Risbo 1996) 
where D ℓ m,m ′ are the Wigner D-matrices. The harmonic coefficients of the rotated Bianchi-induced temperature fluctuation map simply reduce to a rot ℓm = D ℓ m,−1 (α, β, γ) a ℓ,−1 + D ℓ m,+1 (α, β, γ) a ℓ,+1 ,
since the harmonic coefficients of the original map are non-zero only for m = ±1.
